The aim of this study is to analyze the co-relation between the geometrical accuracy of parts formed by single-point incremental forming (SPIF) and the resulting distribution of the residual stresses induced in the material as a function of the different process parameters of the SPIF process. The study was performed for a pyramidal frustum manufactured by varying the process parameters of SPIF, i.e., tool diameter, tool step-down, and wall-angle. The hole-drilling strain gage method was used to determine the residual stresses in the manufactured pyramids. Further, small strips were laser cut from the pyramids, and the curvature of the strips was measured. The curvature of the strips is a result of the intensity and distribution of the residual stresses, which in turn depends on the selected values of the process parameters. A validated numerical model of SPIF was used to determine the residual stresses parallel and perpendicular to the direction of tool motion at the center of a strip cut from the numerical model in clamped, unclamped, and trimmed states. Further, the change in the bending moment of a strip that occurred upon unclamping and trimming was calculated. Experimental and numerical investigations reveal that the most significant parameter in residual stress build-up and the reduction of geometrical accuracy is the wall angle. Upon unclamping, the highest change in the residual stresses and bending moment occurred with the largest tool step-down and tool diameter. Upon trimming, the magnitude of the residual stresses and bending moment changed the most with the largest tool step-down in both directions, whereas the change was highest with the smallest tool diameter in the transverse direction of the tool motion. Furthermore, upon trimming, the geometric deviations were highest with the large wall angles in the transverse direction of the tool motion. Overall, the effect of changing process parameters on the residual stress state and geometrical accuracy was more pronounced in the transverse direction of the tool motion.
Introduction
The single point incremental forming (SPIF) process is an advanced flexible manufacturing process, in which a clamped sheet is formed into the desired shape by the movement of a hemispherical tool. The movement of the tool, i.e., the tool path, is controlled by a CNC machine to create the desired shape. The sheet is then locally deformed along the tool path, which covers the part geometry. The sum of these local deformations constitutes the final formed shape of the part [1] . The localized deformation mechanism of SPIF allows the sheet to be stretched well beyond the conventional forming limit curves (FLC) [2] . Hence, due to high deformations, the process is likely to induce high residual stress levels in the formed components. These residual stresses often cause a substantial deviation from the desired target geometry as soon as the parts are unclamped from the blank holder and trimmed to the final shape [3] . The low geometrical accuracy of SPIF is a limiting factor for a wider industrial application of the process [4] . Hence, a better understanding of the residual stresses is necessary to increase the geometrical accuracy of the SPIF.
On the other hand, residual stresses are defined as the internal stresses in a material, present in the absence of external loading. The residual stresses are mainly caused due to local yielding of the material as a consequence of deformation and/or thermal gradients, solid state transformations, as well as volumetric changes occurring during solidification [5] . In the current study, residual stresses are generated due to plastic deformation of the material. The lifetime and integrity of the components are highly affected by the state and intensity of residual stresses. For example, a combination of tensile residual stresses with service stresses adversely affects the fatigue life of the components, whereas compressive residual stresses are beneficial for improving the fatigue life of formed components [6, 7] . Furthermore, depending on the nature of the residual stresses, they can cause an early onset of the plastic deformation or postpone yielding [8] . They are also a source of geometric deviations for the plastically formed components [9] . Hence, a better understanding of the induced residual stresses in the material is necessary to overcome these issues and it can further assist in benefitting from these stresses.
A brief review of the literature dealing with SPIF and residual stresses is presented. In this regard, Tanaka et al. [10] analyzed the generation of residual stresses in parts manufactured by SPIF. They used numerical simulations to study the effect of tool diameter and feed rate on the residual stresses. Residual stresses were found to decrease by increasing the tool diameter, whereas the tool feed rate had no significant effect on the residual stresses. Furthermore, they concluded that the state of the residual stresses in SPIF is such that it creates a residual moment that causes negative springback; i.e., upper layers contain tensile residual stresses, and the lower layers have compressive residual stresses. Radu et al. [11] analyzed the residual stresses in double frustums of a cone and a pyramid, which were manufactured from A1050 pure aluminum sheets using varying process parameters. The hole drilling method was used to experimentally analyze the magnitude of the residual stresses. In another study, Radu et al. [12] developed a cause-effect relationship between the process parameters, residual stresses, and the geometrical accuracy. They concluded that the residual stresses decrease by increasing the tool diameter and spindle speed, whereas the residual stresses increase by increasing the tool step-down and feed rate. The nature of the stresses was shown to be varying from compression to tension throughout the thickness of the sheet. In a recent study by Jimenez et al. [13] , X-ray diffraction was used to measure the residual stresses on the inner and outer surfaces of the side walls of a pyramidal frustum with a continuously varying wall angle. The nature of the residual stresses was found to be like that of previous studies, i.e., tensile stresses on the upper contact layers and compressive stresses on the non-contact bottom layers. They also calculated the magnitude of the bending stress analytically. The magnitude was found to be in the range of the yield stress of the material, which was attributed as a factor for the occurrence of a crack on the outer surface of the part. Furthermore, the driving force for the grain boundary migration was found to be of the same magnitude as that of the residual stresses. Contrary to the tension-compression nature of the residual stresses in SPIF, the nature of the residual stresses was found to be compressive in deformation machining, i.e., a combination of thin wall machining followed with SPIF by Singh et al. [14] . Further, most recently, Shi et al. [15] studied the residual stresses in incrementally formed Cu/steel bonded laminates using the hole-drilling method. The nature of the residual stresses was completely compressive, with magnitude decreasing from one end to the other end along the thickness section (i.e., from the tool contact side to the non-contact side). The most significant process parameters were tool diameter and wall angle, while the tool rotation was the least significant process parameter in terms of the effects on the residual stresses.
In SPIF, because of the tension-compression nature of the residual stresses, a significant amount of distortion occurs upon unclamping and trimming. In this regard, various approaches have been presented in the literature to increase the geometrical accuracy by reducing the intensity of the residual stresses. For example, Behera and Ou (2015) [16] showed that the geometrical accuracy and surface finish for the incrementally formed parts from grade 1 titanium sheets increases by using heat treatment. Further, authors have presented strategies to improve the geometrical accuracy using stress-relief annealing [3, 17] . A significant improvement in the geometric profile was observed. Mohammadi et al. [18] used laser-assisted annealing on incrementally formed parts. A finite element model was used for the determination of the optimal annealing parameters, i.e., laser power, scanning speed, and beam spot size. They showed that the geometrical accuracy can be increased, and the intensity of the residual stresses can be decreased by using laser-assisted annealing.
The residual stresses have a significant effect on the geometrical accuracy in SPIF. Different strategies have been discussed from the literature that analyze the intensity of the residual stresses and its effects on the geometrical accuracy. It is important to consider that all these strategies only analyze the final state of the residual stresses, i.e., an unclamped or a trimmed state. The effect of the process parameters on the residual stresses have also been analyzed in the same way; i.e., only the final stress state has been taken into consideration. The analysis of the residual stresses only in the final state is not sufficient because the change in the residual stresses occur threefold in the SPIF process, i.e., during the actual process, upon unclamping, and upon trimming. Hence, to better understand the role of the residual stresses on the geometric deviations, insight into the development of the residual stresses during the entire SPIF process is necessary. Until now, this information has been missing in the literature. The current study bridges this knowledge gap in the literature and analyzes the state of residual stresses during the entire SPIF process, i.e., before and after unclamping and in the final trimmed state. Similarly, the effect of the process parameters on the residual stresses has also been studied for the entire SPIF process. Further, literature on the SPIF suggests that the geometrical accuracy can be increased by using smaller tool diameter, a smaller tool step-down, and thicker sheets [19, 20] . An explanation of these conclusions in the scope of the state of the residual stresses is missing.
The first objective of the current study is to determine the effects of the major process parameters, i.e., tool diameter, tool step-down, and wall angle, on the state, i.e., the intensity and distribution of the residual stress. The second objective is to analyze the deviations of the incrementally formed parts under different combinations of the process parameters and explain these geometric deviations in terms of the residual stresses. To achieve these objectives, a new methodology is introduced. A direct measure of the residual stresses in the formed pyramids is obtained by cutting small strips from these pyramids. The bending of the cut strips occurs due to the magnitude of the residual stresses, and the curvatures of the strips cut from the pyramids, which are manufactured by varying the process parameters, are compared to determine the intensity of the residual stresses. Further, numerical simulations are used to analyze the cut strips for the intensity of the residual stresses and the geometrical accuracy. These strips are cut similar to the experimental approach, and the residual stress analysis is carried out at the center of the strips. All numerical results are validated by the experiments. Hence, the second objective of the current study is achieved.
Materials and Method

Experimental Set-Up of SPIF
The pyramidal parts were manufactured from the sheets of aluminum alloy EN-AW-5005 having a thickness of 1.5 mm and a size of 200 × 200 mm. The SPIF process was carried out on a 3-axis CNC milling machine. The experimental set-up is presented in Figure 1 . The SPIF experimental set-up consists of a blank holder, a backing plate to increase the geometrical accuracy, and a low cost base manufactured from A Sika ® block. The sheet blanks are clamped between the blank holder and the backing plate. The hemispherical tool follows a sequence of square paths to manufacture the pyramidal frustum. The dimension of the manufactured pyramids is 150 × 150 × 35 mm (Figure 1 ). Pyramidal parts are manufactured by systematically varying process parameters. The varied parameters are tool diameter, tool step-down, and the wall angle. The design of experiments (DoE) is presented in To analyze the geometry of the formed parts after forming, a circular pattern was etched on the outer surface of the original sheet blanks. The pattern was in the form of circular grids placed at a distance of 2 mm and having a size of 1 mm. The sequence of the digitization and measurement of the strains is presented in Figure 2 . A 3D forming analysis system ARGUS ® by GOM GmbH, was used to digitize and analyze the respective principle strains. The deviations upon trimming the final form of the part are due to the residual stresses. A quick measure of the intensity of the residual stress in the pyramidal parts under the influence of changing process parameters can be determined by cutting small strips from the side walls of the pyramids. The curvature appearing in the strips will be directly proportional to the intensity of the residual stresses. The higher the curvature is, the more intense the residual stresses are. Strips were cut in both To analyze the geometry of the formed parts after forming, a circular pattern was etched on the outer surface of the original sheet blanks. The pattern was in the form of circular grids placed at a distance of 2 mm and having a size of 1 mm. The sequence of the digitization and measurement of the strains is presented in Figure 2 . A 3D forming analysis system ARGUS ® by GOM GmbH, was used to digitize and analyze the respective principle strains. To analyze the geometry of the formed parts after forming, a circular pattern was etched on the outer surface of the original sheet blanks. The pattern was in the form of circular grids placed at a distance of 2 mm and having a size of 1 mm. The sequence of the digitization and measurement of the strains is presented in Figure 2 . A 3D forming analysis system ARGUS ® by GOM GmbH, was used to digitize and analyze the respective principle strains. The deviations upon trimming the final form of the part are due to the residual stresses. A quick measure of the intensity of the residual stress in the pyramidal parts under the influence of changing process parameters can be determined by cutting small strips from the side walls of the pyramids. The curvature appearing in the strips will be directly proportional to the intensity of the residual stresses. The higher the curvature is, the more intense the residual stresses are. Strips were cut in both The deviations upon trimming the final form of the part are due to the residual stresses. A quick measure of the intensity of the residual stress in the pyramidal parts under the influence of changing process parameters can be determined by cutting small strips from the side walls of the pyramids. The curvature appearing in the strips will be directly proportional to the intensity of the residual stresses. The higher the curvature is, the more intense the residual stresses are. Strips were cut in both directions of the tool motion using a 3D laser cutting center. After trimming, these strips exhibited a curvature that depends on the magnitude of the residual stresses in the individually cut strips. Hence, by measuring the curvature of these strips, the interdependence between the process parameters of SPIF, the resulting residual stresses, and the geometrical accuracy can be determined. One of the cut strips is presented in Figure 3b . The dimensions of the strips cut along the tool motion direction are 60 × 17 mm, and those of the strips cut for the strips cut in the transverse direction are 30 × 10 mm. The center of the strips and the center of the side walls of the pyramids are always identical (Figure 3a) . It is important to mention that laser cutting influences the mechanical properties of the material, but these effects are concentrated around the edges of the strips being cut, and the thermal gradients drops sharply with the distance from the cutting edge [21] . Considering the dimensions of the analyzed strips, which are large enough to minimize the effect of thermal gradients created due to laser-cutting, the curvature that appears is due to residual stresses in the entire strip. There will be stress relief due to laser cutting that is concentrated along the edges of the strip, with a minimal effect on this curvature. The curvature was measured using a Home-Etamic T8000 contour measurement system. The system uses a measuring stylus connected to the machine head for measuring the curvature on the strips (Figure 3c ). directions of the tool motion using a 3D laser cutting center. After trimming, these strips exhibited a curvature that depends on the magnitude of the residual stresses in the individually cut strips. Hence, by measuring the curvature of these strips, the interdependence between the process parameters of SPIF, the resulting residual stresses, and the geometrical accuracy can be determined. One of the cut strips is presented in Figure 3b . The dimensions of the strips cut along the tool motion direction are 60 × 17 mm, and those of the strips cut for the strips cut in the transverse direction are 30 × 10 mm. The center of the strips and the center of the side walls of the pyramids are always identical ( Figure  3a) . It is important to mention that laser cutting influences the mechanical properties of the material, but these effects are concentrated around the edges of the strips being cut, and the thermal gradients drops sharply with the distance from the cutting edge [21] . Considering the dimensions of the analyzed strips, which are large enough to minimize the effect of thermal gradients created due to laser-cutting, the curvature that appears is due to residual stresses in the entire strip. There will be stress relief due to laser cutting that is concentrated along the edges of the strip, with a minimal effect on this curvature. The curvature was measured using a Home-Etamic T8000 contour measurement system. The system uses a measuring stylus connected to the machine head for measuring the curvature on the strips (Figure 3c ). 
Hole-Drilling-Method
The hole-drilling method is a conventional technique used to determine residual stresses in different materials [22] . The residual stresses in the manufactured pyramids are measured using this method. The method consists of incrementally drilling a small hole into the specimen and recording the respective relief of the strain using a strain-rosette. For the current study, the residual stress analyzer system from the company MTU ® was used. A drill head of 0.8 mm rotating at 200,000 rpm 
The hole-drilling method is a conventional technique used to determine residual stresses in different materials [22] . The residual stresses in the manufactured pyramids are measured using this method. The method consists of incrementally drilling a small hole into the specimen and recording the respective relief of the strain using a strain-rosette. For the current study, the residual stress analyzer system from the company MTU ® was used. A drill head of 0.8 mm rotating at 200,000 rpm was used to determine the residual stresses at the specified location (Figure 4a ), containing an attached strain-rosette ( Figure 4b ). The high rotations of the drill head suppressed the creation of the supplementary stresses.
The calculation steps for the residual stress values were automatically adjusted along the depth of the drilled hole. The stresses are calculated from the measured strain by using the relation [23] 
where E represents elastic modulus, and A, B are constant, and their values are provided by the manufacturer of the residual stress analysis system. ε x , ε y , and ε xy are strains along and in the transverse direction of the tool motion and at 45 • (Figure 3b) . σ x and σ y are the stresses corresponding to ε x and ε y strains, respectively. The in-plane shear stress can be further calculated using the following relation
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The out of plane residual stresses, i.e. stresses through the thickness direction, along the z-axis cannot be measured by this method and hence are neglected. This is also a common simplification for most of the sheet forming processes, where the thickness of the sheet is normally less than 3 mm. 
The Finite Element (FE) Model of the SPIF Process
The major disadvantage associated with the hole-drilling method is that it provides the values of the residual stresses locally and is extremely time-intensive, from setting up the experiment to post-processing. Hence, an FE model of SPIF was first validated in terms of the residual stresses and then employed to examine the distribution of the residual stresses in the whole model.
An element size of 1 mm was selected for the numerical model. The model is discretized using shell elements. An important aspect for the FE model of the SPIF process is an accurate description of the tool trajectories. A displacement-based tool trajectory can induce artificial energy jumps in the numerical model, e.g., when the tool changes its direction. To overcome this issue, a MATLAB script is used to convert the time-displacement curves to time-velocity curves [24] . The original G-code The out of plane residual stresses, i.e., stresses through the thickness direction, along the z-axis cannot be measured by this method and hence are neglected. This is also a common simplification for most of the sheet forming processes, where the thickness of the sheet is normally less than 3 mm.
An element size of 1 mm was selected for the numerical model. The model is discretized using shell elements. An important aspect for the FE model of the SPIF process is an accurate description of the tool trajectories. A displacement-based tool trajectory can induce artificial energy jumps in the numerical model, e.g., when the tool changes its direction. To overcome this issue, a MATLAB script is used to convert the time-displacement curves to time-velocity curves [24] . The original G-code used for the manufacturing of each pyramid from the experiments (Table 1 ) was used to generate these curves for each simulation. Further, the blank holder and the tool are modeled as rigid bodies.
In terms of the accuracy of the FE model, a key factor is the choice of the hardening model. In the current study, a combined hardening model according to the work of Chaboch-Roussilier [25] is employed. This material model accurately predicts the behavior of the material in terms of thickness reduction, forming forces, and residual stresses [26, 27] . The evolution equation for this hardening model is
where α ij is the back stress component, S ij is the deviatoric stress, σ e f f is the effective stress, and . ε p is the effective plastic strain rate. The hardening model has two parameters. The parameter C and γ describes and controls the rate of kinematic hardening modulus.
These material constants were determined using an inverse FE-approach. In this regard, tension-compression tests were carried out on a deformation dilatometer. The geometry of the specimen used is represented in Figure 5a . The dimensions of the specimen are kept small to avoid buckling. The tests were carried out at three different strain levels. The resulting cyclic curves are used as target curves to determine the material constants. The optimization for the material constant is done in LS-OPT and by using LS-Dyna as a solver. The simulation model consists of a single element model with eight nodes. Using a full numerical model of the tension-compression test sample for optimization is computationally not feasible.
used for the manufacturing of each pyramid from the experiments (Table 1 ) was used to generate these curves for each simulation. Further, the blank holder and the tool are modeled as rigid bodies.
where is the back stress component, is the deviatoric stress, is the effective stress, and is the effective plastic strain rate. The hardening model has two parameters. The parameter and describes and controls the rate of kinematic hardening modulus.
These material constants were determined using an inverse FE-approach. In this regard, tensioncompression tests were carried out on a deformation dilatometer. The geometry of the specimen used is represented in Figure 5a . The dimensions of the specimen are kept small to avoid buckling. The tests were carried out at three different strain levels. The resulting cyclic curves are used as target curves to determine the material constants. The optimization for the material constant is done in LS-OPT and by using LS-Dyna as a solver. The simulation model consists of a single element model with eight nodes. Using a full numerical model of the tension-compression test sample for optimization is computationally not feasible.
Response surface methodology (RSM) is used in the optimization procedure for the determination of the material parameters. A curve mapping algorithm reduces the respective area between the experimental and numerical stress-strain curves, until a good match is found between both curves. A comparison of the experimental and optimized numerical cyclic stress-strain curves is presented in Figure 5 . An optimized value of = 320 MPa and = 70 was found. 
Solution Procedure
This section details the procedure that was developed to combine the experimental data obtained from the previous sections (Sections 2.1 and 2.2) with the numerical simulations (Section 2.3) to achieve the objectives of the current study. The step by step procedure to analyze the residua stresses is presented as a flow chart in Figure 6 . After the completion of the numerical simulation, an input file is created from the simulation of the each pyramid that contains the complete stress-strain history at all integration points for all elements. A trimming simulation is set up using this input file, where a strip with dimensions corresponding to the experimentally cut strip (Section 2.1) is trimmed from the pyramid. During the trimming simulation, new elements are created along the edges of the Response surface methodology (RSM) is used in the optimization procedure for the determination of the material parameters. A curve mapping algorithm reduces the respective area between the experimental and numerical stress-strain curves, until a good match is found between both curves. A comparison of the experimental and optimized numerical cyclic stress-strain curves is presented in Figure 5 . An optimized value of C = 320 MPa and γ = 70 was found.
This section details the procedure that was developed to combine the experimental data obtained from the previous sections (Sections 2.1 and 2.2) with the numerical simulations (Section 2.3) to achieve the objectives of the current study. The step by step procedure to analyze the residua stresses is presented as a flow chart in Figure 6 . After the completion of the numerical simulation, an input file is created from the simulation of the each pyramid that contains the complete stress-strain history at all integration points for all elements. A trimming simulation is set up using this input file, where a strip with dimensions corresponding to the experimentally cut strip (Section 2.1) is trimmed from the pyramid. During the trimming simulation, new elements are created along the edges of the strip. An adaptivity algorithm is used to map the results, i.e., stress-strain histories of the newly created elements. The resulting distribution of the residual stresses in the center of the strips is analyzed for each simulation. This is equivalent to analyzing the residual stresses in the clamped model.
The magnitude and distribution of the
geometrical accuracy in the unclamped state increases or decreases by increasing or decreasing the values of the selected parameters, i.e. tool diameter, tool step-down, and wall angle. The next sections detail the results and conclusions obtained from the current study. Figure 6 . A flow chart describing the procedure adopted to achieve the objectives of the study. Figure 6 . A flow chart describing the procedure adopted to achieve the objectives of the study. The next step is the verification of the numerical model described in Section 2.3. The verification is carried out two-fold. The stress-strain histories from the numerical model of the pyramid at the last time step are exported to set up a springback simulation. After the springback simulation, the numerical results are compared with the data obtained after digitizing the formed geometry of the pyramids (Section 2.1). Furthermore, the residual stresses measured at a specific point with the hole-drilling method (Section 2.2) are compared with a point at the same location from the numerical simulations. In case of a no match between the experimental and numerical values, the model parameters like friction and contact definitions are changed and the model is run again. This is repeated until a good match is found between the experiment and numerical simulations.
After validation, springback simulations are carried out for all the experiments (Table 1) . Further, a trimming simulation similar to the first step is set-up using the respective stress-strain histories from the springback model. The trimming simulation is used to cut a strip from the numerical model of the pyramid. The dimensions of the numerically cut strip are similar to those of the experimentally cut strips from Section 2.1. The resulting residual stresses are analyzed in the center of the strip. This is equivalent to analyzing the residual stresses in the unclamped model. In the last step, the springback simulation is carried out for the strips trimmed from the springback model. Again the resulting distributions of the residual stresses are analyzed in the center of the strips. This is equivalent to analyzing the residual stresses after trimming the final formed part.
The magnitude and distribution of the residual stresses for each process parameter in the strips cut in clamped, unclamped, and trimmed states are analyzed and compared. The geometric deviation is dependent on the change in the bending moment at the unclamping and trimming stage. Therefore, the change in the bending moment is calculated for the strip cut in the transverse direction to better clarify the results of the residual stresses. Finally, the target geometry and the final formed geometries of the pyramids obtained from the optical strain measurement system are used to determine whether the geometrical accuracy in the unclamped state increases or decreases by increasing or decreasing the values of the selected parameters, i.e., tool diameter, tool step-down, and wall angle. The next sections detail the results and conclusions obtained from the current study.
Results and Discussions
Validation of the Numerical Simulation
The numerical model of the SPIF process was validated using the experimental data obtained from the optical strain analysis. The results obtained from digitizing the pyramidal parts are major and minor principle strain, thickness reduction, and the formed surface that can be exported from the software ARGUS ® . The final formed geometry was exported as a triangular mesh and can be further converted into common formats of CAD geometry i.e., iges or step data. As a basis of comparison, the major principle strains, thickness reduction, and the formed geometry of the part were considered. The results of the major principle strain and the thickness reduction from the experiment and simulation were compared along a section on the part, whereas the side walls of the pyramids were used to compare the experimental and numerical geometry. This is due to the fact that the geometric deviations along the corners and edges of the pyramids are negligible and are most pronounced in the side wall region.
The respective results are output from the numerical model of the pyramids after the springback simulation. The resulting comparison is presented in Figure 7 . The comparison was carried out for all experiments, i.e., 7 parts in total. A good comparison was found between the two quantities from the experiment and numerical simulations. The results of the comparison are presented in Figure 7 for Experiment 1. A similar trend, i.e., a good match, was found between the experiments and simulation for all other experiments.
A comparison of the residual stress values between experiments and numerical simulations was carried out at the location used for extracting the experimental residual stress values using the hole-drilling method. This was to identify whether the numerical model is capable of providing an accurate description of the residual stresses. The numerical residual stresses were plotted at all 19 integration points for a single point along with the experimental residual stress values. The comparison of the residual stresses in Figure 8 indicates that the numerical model provides a good representation of the residual stresses.
The numerical model of the pyramid was validated by comparison of the FEA and borehole method. There is a good match between the experimental and numerical data. The state of the residual stresses obtained from the numerical simulation and experimental study validates the findings of previous studies [10, 11] . The nature of the residual stresses changes through thickness from the tension on the tool contact side to the compression on the non-contact side. The respective magnitude of the residual stresses is higher in compression as compared to the tension. 
Influence of Process Parameters on Residual Stresses
After the validation of the numerical model in terms of the residual stress, the next step is to analyze the behavior of the residual stresses under changing process parameters. In this regard, numerical simulations corresponding to all the experiments were carried out. Strips containing the respective stress-strain histories of the elements at each of the 19 integration points were cut before and after the springback simulations. Springback simulations were further performed for the strips that were cut from the springback model of the pyramid. The procedure is represented as a flow chart presented in Section 2.4. The respective through thickness distribution of the residual stresses at the center of the strips and at 19 integration points was plotted for both directions of the tool movement, i.e., σ x and σ y . The upper surface was in contact with the forming tool, and the lower surface was the non-contact surface.
It is important to mention that the changes in the stress state occurred at two stages in the manufacturing of the pyramids, i.e., upon unclamping and trimming. The material changed its equilibrium state and caused a change in the state of the residual stresses [20] . In both cases, the respective boundary conditions were changed, which was followed by a change in a stress state that further caused a change in the geometry of the part. In a previous publication [28] , the authors pointed out that the geometric deviation is dependent on the contribution of the bending deformation mode. The higher the change in the bending moment between stages, the higher the geometric deviations will be. Hence, in order to better understand the residual stress and the impact on the geometrical accuracy, the respective change in the bending moment at these two stages was determined. Stage 1 is defined as the change in the bending moment between the clamped and unclamped state. Stage 2 is the change in bending moment between unclamping and trimming stage. The values were plotted along a section on a strip cut in the transverse direction of the tool motion.
Tool Step-Down
The distribution of the residual stresses along the thickness and in the center of the strips is presented for tool diameters in Figure 9 . Important observations from Figure 9 are as follows:
• By increasing the tool step-down, the magnitude of the compressive residual stresses on the non-contact surface increased more compared to tensile stresses on the tool contact side as indicated by the 'before unclamping' state.
•
For larger tool step-down values, the magnitude of the residual stresses changed more upon unclamping in the transverse direction of the tool motion.
The change in the magnitude of the residual stresses was greater upon trimming compared to unclamping. There was also a significant change in the magnitude of the residual stresses for outer and inner surfaces. The final state of the residual stress after trimming for the inner surface was compression, similar to the initial unclamped state, i.e., before unclamping and vice-versa for the outer surface.
Further, the change in the bending moment occurring upon unclamping and trimming is presented in Figure 10 . An important observation is as follows:
The bending moment change was highest with the largest tool step-down and vice-versa. Therefore, the geometric deviations will be highest with the largest tool step-down.
The highest change in the magnitude and state of the residual stresses upon unclamping and trimming occurred with the largest tool step-down values and vice-versa. This was validated by plotting the respective changes in the bending moment. The change in the bending moment is proportional to the change in the residual stresses. Hence, the largest geometric deviations, i.e., the largest curvature, should be obtained with the largest tool step-down. The final stress state of the strip after trimming is such that the inner face that is in contact with the tool will be under compression and the outer face will be under tension. These observations are validated in the next section based on the curvature of the laser-cut strips from Section 2.2. plotting the respective changes in the bending moment. The change in the bending moment is proportional to the change in the residual stresses. Hence, the largest geometric deviations, i.e. the largest curvature, should be obtained with the largest tool step-down. The final stress state of the strip after trimming is such that the inner face that is in contact with the tool will be under compression and the outer face will be under tension. These observations are validated in the next section based on the curvature of the laser-cut strips from Section 2.2. plotting the respective changes in the bending moment. The change in the bending moment is proportional to the change in the residual stresses. Hence, the largest geometric deviations, i.e. the largest curvature, should be obtained with the largest tool step-down. The final stress state of the strip after trimming is such that the inner face that is in contact with the tool will be under compression and the outer face will be under tension. These observations are validated in the next section based on the curvature of the laser-cut strips from Section 2.2. 
Tool Diameter
The distribution of the residual stresses along the thickness and in the center of the strips is presented for tool diameters in Figure 11 . Important observations from Figure 11 are as follows:
•
In the initial clamped state, the magnitude of the residual stresses, by increasing the tool diameter, increased both in tension and compression.
The 'before unclamping' state indicates that the residual stress, by increasing the tool diameter, increased more pronouncedly in the transverse direction of the tool motion.
• A notable change in the transverse direction in the magnitude and state of the residual stresses occurred upon unclamping, represented by 'after unclamping' in Figure 11 , and this change was largest with the largest tool diameter.
Upon trimming, the respective change in the magnitude of the residual stresses was slightly larger with the smallest tool diameter.
Further, the change in the bending moment occurring upon unclamping and trimming is presented in Figure 12 . Important observations are as follows:
The change in the bending moment was highest with the largest tool diameter upon unclamping in the transverse direction.
The change in the bending moment was highest with the smallest tool diameter upon trimming in the transverse direction. It can be concluded that the highest change in the magnitude of the residual stresses upon unclamping occurred with the largest tool diameter. This is validated by the change in the bending moment in Figure 12 . The change in the bending moment upon unclamping was highest with the largest tool diameter. Therefore, the unclamped accuracy of a part formed by SPIF should increase when decreasing the tool diameter. A different observation was made after trimming the strips. The respective change in the magnitude of residual stress and bending moments was slightly larger with the smallest tool diameter, as compared to the largest tool diameter. Hence, upon trimming, the respective geometric deviation, i.e., the strip curvature, will be slightly larger for smaller tools than for larger ones. This observation is further validated in the next section by comparing the resultant displacements of the strips that occur upon trimming (Section 3.3) . 
Wall Angle
A different behavior of residual stresses as compared to the tool diameter and tool step-down was found by increasing wall angle values. The resulting distribution of the residual stresses for three different states and for three different wall angles is presented in Figure 13 . Important observations from Figure 13 are as follows:
• In contrast to tool diameter and tool step-down, by increasing the wall angle, the through thickness distribution of the residual stresses changed to tension.
•
The magnitude of the residual stresses was higher in the transverse direction. 
Wall Angle
•
In contrast to tool diameter and tool step-down, by increasing the wall angle, the through thickness distribution of the residual stresses changed to tension.
The magnitude of the residual stresses was higher in the transverse direction.
• A significant change in the magnitude of the residual stress occurred upon trimming, and this was highest with the largest wall angle.
Further, the change in the bending moment occurring upon unclamping and trimming is presented in Figure 14 . Important observation is as follows:
The change in the bending moment was highest with the largest wall angle, and this change is significant as compared to the other process parameters, i.e., tool diameter and wall angle.
It can be concluded that the highest change in the magnitude and the state of the residual stresses as well as the bending moment occurred with the largest wall angle. Hence, the largest geometric deviations, i.e., the largest curvature, should be with the largest wall angle. These observations are validated in the next section based on the curvature of the laser-cut strips from Section 2.2.
significant •
The change in the bending moment was highest with the largest wall angle, and this change is significant as compared to the other process parameters, i.e. tool diameter and wall angle.
It can be concluded that the highest change in the magnitude and the state of the residual stresses as well as the bending moment occurred with the largest wall angle. Hence, the largest geometric deviations, i.e. the largest curvature, should be with the largest wall angle. These observations are validated in the next section based on the curvature of the laser-cut strips from Section 2.2. 
Residual Stresses vs. Geometrical Accuracy
According to Section 3.2, the largest change in the state of residual stresses and bending moment occurred with the largest tool step-down and tool diameters. This change was directly proportional to the contribution of the elastic deformation, which was recovered upon unclamping. Hence, this implies that the highest portion of the recovered elastic deformation was achieved with the largest tool diameter and tool step-down. This fact is experimentally validated by comparing the geometric profiles of the formed pyramids obtained after digitizing the pyramids (see Section 2.1) with the target geometry. The comparison of the geometric profiles is presented in Figure 15 . The geometric deviations were largest with the greatest tool diameter and tool step-down.
to Figure 15 . The geometric deviations were largest with the greatest tool diameter and tool step-down. Further, to investigate the effect of the residual stresses on the geometrical accuracy after trimming, the curvature of the experimentally cut strips was analyzed. A comparison of the strip curvatures is presented in Figure 16 along two directions, i.e., along and in the transverse direction of the tool motion. The curvatures of the strips are presented for tool diameters, tool step-down values, and wall angles. Based on the numerical analysis of the residual stresses (Section 3.2), the highest curvature should be obtained with the largest tool step-down due to the highest change in the residual stresses and bending moment. This is validated by the experimentally measured curvature of the strips. In both directions, i.e., along and in the transverse direction of the tool motion, the curvature of the strip increased by increasing the tool step-down (Figure 16a ).
In the case of tool diameter, numerical analysis of the residual stresses indicates that the largest change in residual stresses and bending moments upon unclamping occurred with the largest tool diameter. This was validated by comparing the geometric profiles of the formed pyramids (Figure 15 ). In the case of trimming, numerical analysis (Figures 11 and 12) indicates that the change in the residual stresses and bending moments was slightly greater with the smaller tool diameter. Experimentally measured curvatures for the changing tool diameters indicate different behavior in two directions of the tool motion. The curvature is highest with the largest tool diameter along the tool motion and highest with the smallest tool diameter in the transverse direction. This is because, upon trimming, the respective change in the magnitude of the bending moment was highest in the transverse direction with the smallest tool diameter (Figure 12) . Hence, the curvature is highest with the smallest tool diameter. On the other hand, the change in the magnitude of the residual stress was not large enough along the direction of the tool motion, so the state of the geometric deviations upon unclamping was held further in the trimming state; i.e., the deviations were largest with the largest tool diameter. In comparison to unclamping, geometric deviations will further increase but respective differences in their magnitude for different tool diameters will reduce upon trimming.
The numerical analysis for tool step-down ( Figure 9 ) and tool diameter ( Figure 11) indicates that the state of the residual stresses in the clamped state, i.e., the tension and compression on the tool contact and non-contact side, changed to tension and compression on the non-contact and tool contact side, respectively, in the trimmed state. This implies that the stress state and the resulting bending moment caused the strips cut along and in the transverse direction of the tool motion to curve in such a way that they have a curvature toward the lower surface; i.e., the non-contact side will be under tension. The strips cut from the experimentally formed pyramids curl in the same way as predicted by numerical analysis. This is represented in Figure 17 . Further, to investigate the effect of the residual stresses on the geometrical accuracy after trimming, the curvature of the experimentally cut strips was analyzed. A comparison of the strip curvatures is presented in Figure 16 along two directions, i.e. along and in the transverse direction of the tool motion. The curvatures of the strips are presented for tool diameters, tool step-down values, and wall angles. Based on the numerical analysis of the residual stresses (Section 3.2), the highest curvature should be obtained with the largest tool step-down due to the highest change in the residual stresses and bending moment. This is validated by the experimentally measured curvature of the strips. In both directions, i.e. along and in the transverse direction of the tool motion, the curvature of the strip increased by increasing the tool step-down (Figure 16a ).
In the case of tool diameter, numerical analysis of the residual stresses indicates that the largest change in residual stresses and bending moments upon unclamping occurred with the largest tool diameter. This was validated by comparing the geometric profiles of the formed pyramids ( Figure  15 ). In the case of trimming, numerical analysis (Figures 11 and 12) indicates that the change in the residual stresses and bending moments was slightly greater with the smaller tool diameter. Experimentally measured curvatures for the changing tool diameters indicate different behavior in two directions of the tool motion. The curvature is highest with the largest tool diameter along the tool motion and highest with the smallest tool diameter in the transverse direction. This is because, transverse direction with the smallest tool diameter ( Figure 12 ). Hence, the curvature is highest with the smallest tool diameter. On the other hand, the change in the magnitude of the residual stress was not large enough along the direction of the tool motion, so the state of the geometric deviations upon unclamping was held further in the trimming state; i.e., the deviations were largest with the largest tool diameter. In comparison to unclamping, geometric deviations will further increase but respective differences in their magnitude for different tool diameters will reduce upon trimming. The numerical analysis for tool step-down ( Figure 9 ) and tool diameter ( Figure 11 ) indicates that the state of the residual stresses in the clamped state, i.e. the tension and compression on the tool contact and non-contact side, changed to tension and compression on the non-contact and tool contact side, respectively, in the trimmed state. This implies that the stress state and the resulting bending moment caused the strips cut along and in the transverse direction of the tool motion to curve in such a way that they have a curvature toward the lower surface; i.e., the non-contact side will be under tension. The strips cut from the experimentally formed pyramids curl in the same way as predicted by numerical analysis. This is represented in Figure 17 . The curvature of the strips cut from pyramids exhibits different behavior for small and large wall angles as indicated by Figure 16 . In case of changing wall angles, numerical analysis of the residual stresses ( Figure 13) indicates that upon trimming the largest change in the residual stresses and bending moment was with the greatest wall angle, and the change in intensity was more severe in the transverse direction of the tool motion. In the transverse direction, even for a small strip, i.e. 30 × 17 mm, the curvature is larger than the strip cut along the tool motion (Figure 16 ). In fact, the change The curvature of the strips cut from pyramids exhibits different behavior for small and large wall angles as indicated by Figure 16 . In case of changing wall angles, numerical analysis of the residual stresses ( Figure 13) indicates that upon trimming the largest change in the residual stresses and bending moment was with the greatest wall angle, and the change in intensity was more severe in the transverse direction of the tool motion. In the transverse direction, even for a small strip, i.e., 30 × 17 mm, the curvature is larger than the strip cut along the tool motion (Figure 16 ). In fact, the change in the state of the residual stresses in the transverse direction caused the strips to curl in the opposite direction, i.e., toward the transverse direction, and this effect was highest with the greatest wall angle. This can be seen in Figure 18b and explains the lowest curvature along the tool motion direction with the largest wall angle and vice versa for the transverse direction.
The curvature of the strips cut from pyramids exhibits different behavior for small and large wall angles as indicated by Figure 16 . In case of changing wall angles, numerical analysis of the residual stresses ( Figure 13) indicates that upon trimming the largest change in the residual stresses and bending moment was with the greatest wall angle, and the change in intensity was more severe in the transverse direction of the tool motion. In the transverse direction, even for a small strip, i.e. 30 × 17 mm, the curvature is larger than the strip cut along the tool motion (Figure 16 ). In fact, the change in the state of the residual stresses in the transverse direction caused the strips to curl in the opposite direction, i.e. toward the transverse direction, and this effect was highest with the greatest wall angle. This can be seen in Figure 18b and explains the lowest curvature along the tool motion direction with the largest wall angle and vice versa for the transverse direction.
The state of the residual stresses obtained with the larger wall angles was completely different as compared to the other process parameters. Initially, both the top and bottom faces were under tension with greater wall angles. In the trimmed state, the state of residual stresses changes to compression for both faces, which is opposite to the residual stress behavior exhibited by other process parameters, i.e. tool diameter and tool step-down. As a result, the final curvature of the strip cut from the pyramid with a 60° wall angle exhibits a curvature toward the opposite side as compared to the strip cut with the smaller wall angle (Figure 18a ,c) The state of the residual stresses obtained with the larger wall angles was completely different as compared to the other process parameters. Initially, both the top and bottom faces were under tension with greater wall angles. In the trimmed state, the state of residual stresses changes to compression for both faces, which is opposite to the residual stress behavior exhibited by other process parameters, i.e., tool diameter and tool step-down. As a result, the final curvature of the strip cut from the pyramid with a 60 • wall angle exhibits a curvature toward the opposite side as compared to the strip cut with the smaller wall angle (Figure 18a,c) As the geometric deviation represented by the measured curvature of the strips (Figure 16 ) also contain the geometric deviations upon unclamping and trimming, therefore to only determine the geometric deviation that occurred upon trimming, respective springback simulations of the strips cut along both directions of the tool motion from the springback model of the pyramids were performed (Figure 19 ). The results indicate that the previous findings (Sections 3.2 and 3.3) hold true. The results are presented for three different cases. In the case of tool step-down, as indicated earlier, the highest geometric deviations that occurred upon trimming were with the greatest tool step-down value (Figure 19a) . Further, the finding that the deviations in the transverse direction are highest with the smallest tool diameter is verified. As indicated in Figure 19b , the highest deviation in the transverse direction upon trimming was with the smallest tool diameter. Further, the geometric deviation, especially in the transverse direction, upon trimming was highest with the greatest wall angle (Figure 19c) .
The experimental and numerical analysis indicates that it is necessary to take into consideration the development of the residual stresses throughout the entire process. It has been observed that the nature of the residual stresses can completely differ from the previous stage-for example, a completely different stress state in clamped and trimmed stage. Similarly, a very high dependence of the residual stresses on the selected process parameters has been found. Until now, no study had been reported in the literature that analyses the residual stresses in the entire process, so these previous observations from the literature hold only for a particular set of process parameters and for only one forming stage: the unclamping or the trimming stage.
The results presented in Sections 3.2 and 3.3 help us to develop a more complete understanding of the residual stresses for the entire SPIF process and indicate that changing the equilibrium state of the part, i.e., unclamping or trimming, is followed by a significant change in residual stresses and bending moment. Important question that further arises is of how the developed knowledge can assist in improving geometrical accuracy. In this regard, three main process parameters, i.e., tool diameter, tool step-down, and wall angle, along with the three process stages, i.e., clamped, unclamped, and trimmed states of the SPIF process, were analyzed. Results indicate that, if the unclamped state is the final geometry and no trimming is to be carried out, then a smaller tool diameter, tool step-down, and wall angle increase the geometrical accuracy of the part. This is because the change in the magnitude of the residual stresses between clamped and unclamped states is smallest for these process parameters. In the case of subsequent trimming after unclamping, geometric deviation is severe in the transversal direction of the tool motion compared to the horizontal direction, and the geometric deviations are higher with a smaller tool diameter and a greater tool step-down and wall angle. Hence, it is recommended that a final part shape and a tool path be designed in such a way that the final shape of the part is obtained by trimming along the horizontal direction of the tool motion. In any case, to produce incrementally formed parts within desired tolerances, stress relief annealing in the clamped state is recommended [29] . As the geometric deviation represented by the measured curvature of the strips (Figure 16 ) also contain the geometric deviations upon unclamping and trimming, therefore to only determine the geometric deviation that occurred upon trimming, respective springback simulations of the strips cut along both directions of the tool motion from the springback model of the pyramids were performed (Figure 19) . The results indicate that the previous findings (Sections 3.2 and 3.3) hold true. The results are presented for three different cases. In the case of tool step-down, as indicated earlier, the highest geometric deviations that occurred upon trimming were with the greatest tool step-down value (Figure 19a) . Further, the finding that the deviations in the transverse direction are highest with the smallest tool diameter is verified. As indicated in Figure 19b , the highest deviation in the transverse direction upon trimming was with the smallest tool diameter. Further, the geometric deviation, especially in the transverse direction, upon trimming was highest with the greatest wall angle ( Figure  19c ). The experimental and numerical analysis indicates that it is necessary to take into consideration the development of the residual stresses throughout the entire process. It has been observed that the nature of the residual stresses can completely differ from the previous stage-for example, a completely different stress state in clamped and trimmed stage. Similarly, a very high dependence of the residual stresses on the selected process parameters has been found. Until now, no study had been reported in the literature that analyses the residual stresses in the entire process, so these previous observations from the literature hold only for a particular set of process parameters and for only one forming stage: the unclamping or the trimming stage.
The results presented in Sections 3.2 and 3.3 help us to develop a more complete understanding of the residual stresses for the entire SPIF process and indicate that changing the equilibrium state of the part, i.e. unclamping or trimming, is followed by a significant change in residual stresses and bending moment. Important question that further arises is of how the developed knowledge can assist in improving geometrical accuracy. In this regard, three main process parameters, i.e. tool diameter, tool step-down, and wall angle, along with the three process stages, i.e. clamped, Figure 19 . Curvature of the strip only due to the residual stresses upon trimming from numerical simulations for (a) three tool step-down values along the tool motion, (b) three tool diameters in the transverse direction, and (c) three wall angles along the transverse direction.
Conclusions
In the present study, using optical forming analysis and residual stress measurements employing the hole-drilling method, a numerical model of the SPIF is validated. Using the validated numerical model, the residual stress state at various stages of the SPIF process is investigated. The numerical results are further co-related to the experimental data. A complete picture of the distribution of the residual stresses under varying process parameter is presented. Important conclusions are as follows:
(1) The magnitude of the residual stresses in the clamped state increased when the tool diameter, tool step-down, and the wall angle increased. Upon unclamping, the respective change in the magnitude of the residual stresses and the bending moments was highest with the greatest tool-diameter and tool step-down. Upon trimming, the change in the magnitude of the residual stresses and bending moments was greatest with the highest tool step-down value. However, the change in the magnitude of the residual stresses and bending moment was highest with the smallest tool diameter in the transverse direction of the tool motion. Moreover, for greater wall angles, the respective change in the magnitude of residual stresses and bending moment was highest and occurred significantly in the transverse direction of the tool motion. (2) The widely known fact from the literature that a smaller tool step-down and a smaller tool diameter have a positive effect on geometrical accuracy is explained in terms of residual stress. This is because, during unclamping, the greatest changes in the magnitude of the residual stresses occurred with the greatest tool step-down and tool diameter. During unclamping, these changes in the magnitude of the residual stresses were directly proportional to the elastic portion of the deformation. The elastic portion of the deformation, which was recovered upon unclamping, increased when the tool step-down and tool diameter increased. Hence, geometrical accuracy in the unclamped state increases when tool step-down and tool diameter decrease. (3) However, upon trimming, the largest changes in the magnitude of the residual stresses occurred with the smallest tool diameter was significant in the transverse direction of the tool motion. Hence, geometric deviations were largest with the smallest tool diameter in the trimmed state. (4) In contrast to tool diameter and tool step-down, the state of the residual stresses in the trimmed state with the greater wall angles was such that it caused the strips to curl toward the tool contact face, opposite to other process parameters. (5) The most significant parameter for the effect on the residual stresses and geometrical accuracy is the wall angle. The geometrical accuracy decreased significantly in the transverse direction when the wall angle was increased. However, this parameter is usually fixed, and its value depends on the geometry of the part to be formed. The other two parameters, i.e., tool diameter and tool step-down, also have a considerable effect on residual stress and geometrical accuracy. (6) The effect of changing process parameters on the residual stresses was more evident in the transverse direction of the tool motion. 
